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ON THE CONJECTURE OF WOOD AND PROJECTIVE
HOMOGENEITY
J P. BORON´SKI AND M. SMITH
Abstract. In 2005 Kawamura and Rambla, independently, constructed a
metric counterexample to Wood’s Conjecture from 1982. We exhibit a new
nonmetric counterexample of a space Lˆ, such that C0(Lˆ,C) is almost tran-
sitive, and show that it is distinct from a nonmetric space whose existence
follows from the work of Greim and Rajagopalan in 1997. Up to our knowl-
edge, this is only the third known counterexample to Wood’s Conjecture. We
also show that, contrary to what was expected, if a one-point compactifica-
tion of a space X is R.H. Bing’s pseudo-circle then C0(X,C) is not almost
transitive, for a generic choice of points. Finally, we point out close relation of
these results on Wood’s conjecture to a work of Irwin and Solecki on projective
Fra¨ısse´ limits and projective homogeneity of the pseudo-arc and, addressing
their conjecture, we show that the pseudo-circle is not approximately projec-
tively homogeneous.
1. Introduction
In 1982 G.V. Wood stated the following conjecture, in the isometric theory of
Banach spaces.
Wood’s Conjecture, [39]. Suppose L is a locally compact Hausdorff space such
that the space of all scalar-valued functions vanishing at infinity C0(L,K), equipped
in the supremum norm, is almost transitive. Then L consists of a single point.
Wood’s conjecture is related to Banach-Mazur rotation problem, which asks
whether a separable Banach space with a transitive norm has to be isometric or
isomorphic to a Hilbert space. Recall that a Banach space (Y, || · ||) is called almost
transitive if for any  > 0 and any y1, y2 ∈ Y with ||y1|| = ||y2|| = 1 there exists
a surjective linear isometry T such that ||Ty1 − y2|| < , and it is called transitive
if for such y1 and y2 there exists a surjective linear isometry T with Ty1 = y2.
As a consequence of Banach-Stone Theorem, Wood’s Conjecture is a topological
problem. In 1997 Greim and Rajagopalan [14] proved Wood’s Conjecture in the
real case; i.e. if C0(L,R) is almost transitive then L is a singleton. They also
showed that the existence of a counterexample in the complex case implies the
existence of a nonmetric locally compact Hausdorff space L˜ such that C0(L˜,C)
is transitive. In 2005 Kawamura and Rambla, independently, disproved Wood’s
conjecture.
Theorem 1.1 (Kawamura [20], Rambla [36]). If X is a pseudo-arc and p ∈ X
then for L = X \ {p} the space C0(L,C) is almost transitive.
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2 J P. BORON´SKI AND M. SMITH
The pseudo-arc is a homogeneous 1-dimensional compact and connected space
first constructed by Knaster [25]. It is an object of intense research both in topology
[35], [30] and dynamical systems [23],[30],[31], [32]. It is hereditarily equivalent and
hereditarily indecomposable. By the work of Greim and Rajagopalan there follows
the second, nonmetric counterexample (see also [10]).
Theorem 1.2 (Greim&Rajagopalan [14], Kawamura [20], Rambla [36]). There ex-
ists a locally compact Hausdorff nonmetric space N such that C0(N,C) is transitive.
In addition, N has the following properties.
(a) N is not first countable,
(b) N is countably compact,
(c) countable unions of compact sets are relatively compact,
(d) N is an uncountable union of nowhere dense components, or connected,
(e) N is not totally disconnected,
(f) every compact subset of N is an F -space,
(g) for every open Kσ set U , βU = clU ,
(h) every open Kσ set U contains an open subset V with βV 6= clV ,
(i) every infinite compact subset of L contains a copy of βN,
(j) every non-empty compact Gδ contains an open set,
(k) all non-empty open Kσ subsets are homeomorphic,
(l) all nonempty compact Gδ subsets are homeomorphic.
In fact, Greim and Rajagopalan showed that the properties (a)-(l) must hold
for any space L such that C0(L,C) is transitive. In this paper we provide a new
almost transitive but not transitive example. In 1985 M. Smith constructed a
homogeneous, hereditarily equivalent and hereditarily indecomposable nonmetric
Hausdorff continuum, since then referred to as nonmetric pseudo-arc [38]. In the
present paper we show that this space may be used to exhibit another counterex-
ample to the conjecture of Wood.
Theorem 1.3. Suppose M is the nonmetric pseudo-arc of Smith and p ∈M . Then
for M˜ = M \ {p} the space C0(M˜,C) is almost transitive. In addition,
(a) M˜ and M are not first countable at any point,
(b) M˜ and M are separable,
(c) C0(M˜,C) is not separable,
(d) M˜ and M contain an infinite convergent sequence.
Note that the property (d) in Theorem 1.3 ensures that M˜ is not homeomorphic
to N , in view of property (i) of Theorem 1.2, hence C0(M˜,C) is not transitive. Up
to our knowledge this is only the third known counterexample to Wood’s Conjec-
ture in the complex case. Note also that, by the construction in [14], the one-point
compactification of the space N in Theorem 1.2 is the so-called “topological ultra-
coproduct” of the pseudo-arc X following U , where U is any countably incomplete
ultrafilter (see e.g. Chapter 4 in [1]). This is pertinent here because the Banach
space ultraproduct construction can be regarded as a rather special case of a projec-
tive limit (in the category of Banach spaces) and since the Gel’fand-Mazur functor
K ←→ C(K) intertwines direct and inverse limits (in both directions), the point is
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that all previously known counterexamples to Wood’s conjecture are direct limits
of pseudo-arcs, while the one in Theorem 1.3 is an inverse limit. Equivalently, the
corresponding space of continuous functions C0(M˜) can be seen as the direct limit
of a system of homomorphisms C0(Xα) → C0(Xβ) with β < α < ω1, where ω1 is
the first uncountable ordinal1.
There are known, however, necessary conditions on the space L to have an almost
transitive space C0(L,C).
Theorem 1.4. Suppose the one-point compactification αL of a locally compact
Hausdorff space L is metrizable and C0(L,C) is almost positive transitive. Then
(1) (Wood, [39]) αL is connected,
(2) (Cabello Sa´nchez, [11]) dim(L) = dim(αL) = 1,
(3) (Rambla, [36]) Every subcontinuum of L is hereditarily indecomposable,
(4) (Rambla, [36]) L is almost homogeneous; i.e. for any  > 0 and x, y ∈ L
there exists a homeomorphism τ : L→ L such that dL(τ(x), y) < .
In his paper, Rambla also noted that a natural candidate to provide another
counterexample would be R.H. Bing’s pseudo-circle [5], since it is hereditarily in-
decomposable and almost homogeneous. The pseudo-circle is another important
object in topology (see e.g.[22]), and topological dynamics, appearing in dynam-
ical decompositions of the 2-torus [3], as a Birkhoff-like attractor[8], boundary of
a Siegel disk in the complex plane[12], as well as minimal attractor of surface
diffeomorphisms[16] (see also [24]). In addition to being hereditarily indecompos-
able and almost homogeneous, the pseudo-circle shares with the pseudo-arc the
property that its every proper subcontinuum is homeomorphic to the pseudo-arc,
and therefore indeed it is a natural candidate for a counterexample. We show
however, that the pseudo-circle does not have the required property, for a generic
choice of points.
Theorem 1.5. Let C be the pseudo-circle. There is a dense set D ⊆ C such that
for any p ∈ D for L = C \ {p} the space C0(L,C) is not almost transitive.
In the course of this work we realized that the result of Kawamura and Rambla is
closely related to the work of Irwin and Solecki on projective Fra¨ısse´ limits (see also
[26]). They proved the following result, which they called approximate projective
homogeneity of the pseudo-arc [18].
Theorem 1.6. Suppose X is a pseudo-arc and Y is a chainable continuum. Given
two surjections f, g : X → Y and any  > 0 there exists a homeomorphism ϕ of X
onto itself so that for all x ∈ X:
|f(x)− g(ϕ(x))| < .
In addition, the pseudo-arc is a unique chainable continuum with such a property.
In their paper Irwin and Solecki conjectured that it should be possible, after
appropriate adjustments of definitions, to develop a similar theory for pseudo-
solenoids, and since then related constructions were developed for the pseudo-arc
1We are grateful to an anonymous referee for bringing these facts on ultraproducts and direct
limits to our attention
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and other universal objects in topology; see e.g. [2], [27], [28], [34]. In the planar
case a potential analogue of Irwin-Solecki result would mean that the pseudo-circle
is the unique approximately projectively homogeneous plane separating circle-like
continuum, since it is projectively universal in this class [15], [37]. This conjecture
is stated also in [26]. We show however, without using projective Fra¨ısse´ limits,
that this is not the case.
Theorem 1.7. Let C be the pseudo-circle. There exist surjections f, g : C → S1
and  > 0 such that for no map h : C → C we have d(f, g ◦ h) < .
Note that for two plane separating circle-like continua, each of them is the inter-
section of a nested sequence of annuli, and so their first Cˇech cohomology groups
are isomorphic to Z. Any map f between the two continua induces a multiplication
by a constant on Z, which we call the degree, denoted by deg(f). As we shall show,
the reason the pseudo-circle lacks approximate projective homogeneity is because
it n-fold covers itself for every positive integer n. This is also crucial in the proof of
Theorem 1.5. Since the set of all self-covering maps is a dense Gδ in the set of all
surjections of the pseudo-circle [7], in a sense there is a generic choice of maps that
will prevent the pseudo-circle from having the projective homogeneity. In addi-
tion, Fearnley ([15], p.510) showed that any plane separating circle-like continuum
K admits a degree 1 surjection from C to K. Composing with the self-coverings
of the pseudo-circle we get the following two results2
Theorem 1.8. Let C be the pseudo-circle and K a plane separating circle-like
continuum. For every positive integer n there exists a degree n surjection fn : C →
K.
Theorem 1.9. Let C be the pseudo-circle and K a plane separating circle-like
continuum. For any surjection f : C → K with deg(f) 6= 0 there exists a map
g : C → K and  > 0 such that for no map h : C → C we have d(f, g ◦ h) < .
We conclude with the following problems.
Problem 1.10. (cf. [36]) Characterize the Hausdorff locally compact spaces L,
such that C0(L,C) is almost transitive. What are such metric spaces?
Problem 1.11. Is there a natural construction of Smith’s nonmetric pseudo-arc
as a projective Fra¨ısse´ limit?
Based on the results in [7] and [21] we state the following conjectures, which
may also direct potential results for Fra¨ısse´ limits.
Conjecture 1.12. Suppose C is a pseudo-circle and Y is a planar circle-like con-
tinuum. Given two surjections f, g : C → Y such that deg(f) = deg(g) and any
 > 0 there exists a local homeomorphism ϕ of C onto itself so that for all x ∈ C:
|f(x)− g(ϕ(x))| < .
2We are grateful to Kazuhiro Kawamura who pointed out that the proofs in this paper along
with the result in [15] show that Theorem 1.8 holds.
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Conjecture 1.13. Suppose C is a pseudo-solenoid and Y is a circle-like continuum
with the same first Cˇech cohomology groups. Given two shape equivalences f, g :
C → Y such that deg(f) = deg(g) and any  > 0 there exists a homeomorphism ϕ
of C onto itself so that for all x ∈ C:
|f(x)− g(ϕ(x))| < .
Our paper is organized as follows. Section 2 contains preliminaries on al-
most transitivity, continuum theory, and pseudo-arcs. In Section 3 we prove that
C0(M˜,C) is almost transitive, where M˜ is Smith’s nonmetric pseudo-arc M with
a point removed. In Section 4 we prove first uncountability and separability of M
(and therefore M˜). In Section 5 we show that C0(M˜,C) is not separable and M
contains convergent infinite sequences. In Section 6 we prove Theorem 1.5. Fi-
nally, in Section 7 we prove Theorem 1.7 and Theorem 1.9, relating our result on
the pseudo-circle and Wood’s Conjecture to the work of Irwin and Solecki.
2. Preliminaries
Let L be a locally compact Hausdorff space. Following [36] (see also [14]), we say
that C0(L,C) is almost positive transitive if for any  > 0 and f, g ∈ C0(L,C) with
||f || = ||g|| = 1 and such that f, g ≥ 0 there is an isometry T : C0(L,C)→ C0(L,C)
with ||Tf−g|| < . We say that C0(L,C) admits almost polar decompositions if for
every  > 0 and every f ∈ C0(L,C) there is an isometry T such that ||T |f |−f || < .
It is easy to see that C0(L,C) is almost transitive if and only if it is almost positive
transitive and allows almost polar decompositions. As a consequence of the Banach-
Stone Theorem in order to study almost positive transitivity one can only deal with
isometries T of the form T (f) = f(h), where h : L → L is a homeomorphism (see
e.g.[36]).
Lemma 2.1 (Rambla). Suppose L is a locally compact Hausdorff space with cov-
ering dimension at most 1. Then C0(L,C) admits almost polar decompositions.
As a consequence of the lemma above for a locally compact Hausdorff space L of
covering dimension 1, in order to prove almost transitivity of C0(L,C) it is enough
to show that it is almost positive transitive.
Theorem 2.2 (Kawamura [20], Rambla [36]). Suppose X is a pseudo-arc and
I = [0, 1] so that f, g : X → I are two onto functions and there is a point P so that
f(P ) = g(P ) = 0. Then if  > 0 there exists a homeomorphism ϕ of X onto itself
so that ϕ(P ) = P and for all x ∈ X:
|f(x)− g(ϕ(x))| < .
In particular, for any p ∈ X and L = X \ {p} the space C0(L,C) is almost positive
transitive and hence almost transitive.
A continuum is a compact and connected space. A continuum is called chainable
(circle-like) if it is the inverse limit of spaces homeomorphic to [0, 1] (homeomorphic
to S1). Every chainable (circle-like) continuum in R2 is a continuous image of the
pseudo-arc [33] (of the pseudo-circle [15], [37]), and all chainable continua can be
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embedded in R2. Now we recall some background theorems from continuum theory
by Lewis [29].
Theorem 2.3 (Lewis). Suppose that M is a one-dimensional continuum. Then
there exists a one-dimensional continuum Mˆ and a continuous decomposition G of
Mˆ into pseudo-arcs so that the decomposition space Mˆ/G is homeomorphic to M .
Furthermore if pi : Mˆ → Mˆ/G is the mapping so that pi(x) is the unique element
of G containing x and h : Mˆ/G → Mˆ/G is a homeomorphism then there exists a
homeomorphism hˆ : Mˆ → Mˆ so that pi ◦ hˆ = h ◦ pi.
Thus we have an open map pi so that the following diagram commutes:
Mˆ oo
hˆ
pi

Mˆ
pi

Mˆ/G = M oo
h
M = Mˆ/G
Theorem 2.4 (Lewis). Under the hypothesis of Theorem 2.3, if for some element
g ∈ G we have x, y ∈ g then there exists a homeomorphism hˆ so that hˆ(x) = y and
pi ◦ hˆ = pi.
Theorem 2.5 (Lewis). Suppose that X is a pseudo-arc and G is a continuous
collection of pseudo-arcs filling up X so that for each x ∈ X, pi(x) is the element
of G containing x and Y = X/G. Then Y is a pseudo-arc, and if h : Y → Y is a
homeomorphism then there exists a homeomorphism hˆ : X → X so that pi◦hˆ = h◦pi.
X oo
hˆ
pi

X
pi

Y oo
h
Y
Theorem 2.6. [13] Suppose that X = lim←−{Xα, f
β
α}α<β<ω1 and Y = lim←−{Yα, G
β
α}α<β<ω1
are inverse limits and there is an index γ < ω1 and a collection of homeomorphisms
ϕδ for δ > γ so that the following diagram commutes:
Xγ oo
fδγ
ϕγ

Xδ
ϕδ

Yγ oo
gδγ
Yδ
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Then there is an induced homeomorphism ϕ : X → Y so that the following com-
mute:
Xγ oo
piγ
ϕγ

X
ϕ

Yγ oo
piγ
Y
In 1985 the second author constructed a so-called nonmetric pseudo-arc [38],
as follows. Suppose that for each α < ω1, Xα is a pseudo-arc. If α is not a limit
ordinal then let Gα be a continuous decomposition of Xα so that the decomposition
space Xα/Gα = Xα−1 with corresponding open map fα−1. For each limit ordinal γ
define Xγ = lim←−{Xα, f
β
α}α<β<γ ; and fβα ◦ fγβ = fγα then M = lim←−{Xα, f
β
α}α<β<ω1
is a nonmetric analogue of the pseudo-arc; M is homogeneous and hereditarily
equivalent; the natural projection piα : M → Xα is a closed map for each α < ω1
(cf. Claim 3.1.1 in [7]). In addition, M has covering dimension 1, due to the
following result of Katuta.
Lemma 2.7. (Katuta, [19]) Let {Xα, fβα} be an inverse system over a well-ordered
set Ω. If each Xα is a normal space with covering dimension at most n, the inverse
limit X is |Ω|-paracompact and each projection piα : X → Xα is a closed map, then
the covering dimension of X is at most n.
Figure 1. Constructing Smith’s nonmetric pseudo-arc
3. Almost positive transitivity of the nonmetric pseudo-arc
Let M be the nonmetric pseudo-arc with M = lim←−{Xα, f
β
α}α<β<ω1 where for
each α, Xα is a pseudo-arc and if Gα+1 = {f−1α (x)|x ∈ Xα} then Gα+1 is a
continuous decomposition of Xα+1 with corresponding open monotone map fα and
Xα = Xα+1/Gα+1. The following theorem was proved for the metric pseudo-arc
in [20] and [36]. We will show it holds for the nonmetric pseudo-arc M .
Theorem 3.1. Let P ∈M and f, g : M → [0, 1] be maps such that f(P ) = g(P ) =
0, then for each  > 0 there is homeomorphism ϕ : M → M such that ϕ(P ) = P
and |f(t)− g(ϕ(t))| <  for all t ∈M . In particular, if L = M \{P} then C0(L,C)
is almost positive transitive for any P ∈M .
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Figure 2. The application of Kawamura-Rambla result at the
α-level for the auxiliary functions, and an upward inductive boot-
straping with repeated instances of Lewis’ results in the construc-
tion of the homeomorphism ϕ.
Proof. For each α let dα be a metric for Xα. Suppose that f and g are the functions
as given in the hypothesis of the theorem, P is the point and  > 0.
Let R = {Ri}mi=1 be a finite collection of open sets covering M so that if p, q
lie in the same element of R then |f(p) − f(q)| < min( 3 , 13 ) and |g(p) − g(q)| <
min( 3 ,
1
3 ). There exists a γ < ω1 and a number γ so that (1) if d
γ(pγ , qγ) < γ
then there is an element of R containing both p and q and (2) for each x ∈ Xγ ,
diam(f(pi−1γ (x)) < min(

3 ,
1
3 ) and diam(g(pi
−1
γ (x)) < min(

3 ,
1
3 ).
Observe that the above conditions imply that γ is such that pi−1γ (x) lies in an
element of R for each x ∈ Xγ .
Let F : Xγ → [0, 1] be defined by F (x) = f(pi−1γ (x)) and let G : Xγ → [0, 1]
be defined by G(x) = g(pi−1γ (x)). Then for each x ∈ Xγ , F (x) is a (possibly
degenerate) interval in [0, 1] and similarly for G(x). Let
F (x) = [ax, bx] ; G(x) = [cx, dx].
Observe that, from the selection of γ, for each x ∈ Xγ , |bx−ax| < 13 ; |dx− cx| < 13 .
And for each t ∈ X that atγ ≤ f(t) ≤ btγ ; ctγ ≤ g(t) ≤ dtγ . Define the following
function fˆ : Xγ → [0, 1]:
fˆ(x) =

ax+bx
2 − bx−ax2
(
1−bx−ax
1−bx
)
if ax + bx ≤ 1
ax+bx
2 +
bx−ax
2
(
bx+ax−1
ax
)
if ax + bx > 1
Define gˆ similarly with a’s replaced by c’s and b’s replaced by d’s. So the
following observations will also be true of gˆ. Note (since bx − ax < 13 ) that if
ax + bx ≤ 1 then bx < 1 so the top part of the function is never undefined and that
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if ax + bx > 1 then ax > 0 the bottom part is never undefined. The function has
the following properties:
(1) If ax = 0 then fˆ(x) = 0;
(2) If bx = 1 then fˆ(x) = 1;
(3) If ax + bx = 1 then fˆ(x) =
1
2 ;
(4) limax+bx→1+ =
1
2 ;
(5) ax ≤ fˆ(x) ≤ bx.
Conditions 1-4 can be checked by substitutions. Condition 5 follows from the fact
that, in the definition of the function, less than half the distance between ax and
bx is added or subtracted from the midpoint of the interval. Conditions 3 and
4 guarantee that fˆ is continuous. Condition 5 and the choice of γ gives us the
following inequalities:
|f(t)− fˆ(tγ)| < 
3
|f(t)− fˆ(tγ)| < 
3
.
Condition (1) implies that fˆ(Pγ) = gˆ(Pγ) = 0. Condition (2) implies that both fˆ
and gˆ are onto.
By Theorem 1.1 there exists a homeomorphism ϕγ : Xγ → Xγ so that ϕγ(Pγ) =
Pγ and for each x ∈ Xγ ,
|fˆ(x)− gˆ(ϕγ(x))| < 
3
.
We consider now the homeomorphism ϕγ . Using Theorem 2.3 there exists a
homeomorphism ϕγ+1 : Xγ+1 → Xγ+1 so that the following compositions com-
mute:
Xγ oo
fγ+1γ
ϕγ

Xγ+1
ϕγ+1

Xγ oo
fγ+1γ
Xγ+1
furthermore by Theorem 2.4, ϕγ+1 can be constructed so that ϕγ+1(Pγ+1) = Pγ+1.
For α > γ we define ϕα inductively:
Case 1: α is a successor ordinal, α = δ+1. Then since ϕδ : Xδ → Xδ, ϕ(Pδ) = Pδ,
by Lewis’ results, Theorem 2.4, there is a homeomorphism ϕα so that the following
maps commute:
Xδ oo
fδ
ϕδ

Xα
ϕα

Xγ oo
fδ
Xα
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Furthermore by Theorem 2.4 ϕα can be constructed so that ϕα(Pα) = Pα.
Case 2: α is a limit ordinal. Then, by Theorem 2.6, the functions {ϕδ}δ<α
induce a homeomorphism ϕα : Xα → Xα and since ϕδ(Pδ) = Pδ for all δ < α we
have ϕα(Pα) = Pα.
Then the functions {ϕα}γ≤α<ω1 induce a homeomorphism ϕ : M → M so that
ϕ(P ) = P . By construction, for each x ∈M , we have (ϕ(x))γ = ϕγ(xγ).
Let t ∈M . Then we have the following from our constructions of the functions
fˆ and gˆ:
|f(t)− fˆ(tγ)| < 
3
|g(ϕ(t))− gˆ((ϕ(t))γ)| < 
3
|fˆ(tγ)− gˆ(ϕγ(tγ))| < 
3
.
Using the triangle inequality we have:
|f(t)− g(ϕ(t))| < .
And since ϕ(P ) = P , then ϕ is the required function. 
As a consequence of the above theorem, for the nonmetric pseudo-arc M the
space C0(M \ {p},C) is almost positive transitive for any p ∈ M , and hence by
Lemma 2.1 and Lemma 2.7 it is almost transitive.
4. First uncountability and separability of the nonmetric
pseudo-arc.
Let M = lim←−{Xα, f
β
α}α<β<ω1 be our usual definition of a nonmetric pseudo-arc.
Recall that for each α the collection Gα+1 = {f−1α (x)|x ∈ Xα} is a continuous
decomposition of Xα+1 into pseudo-arcs so that the Xα ∼= Xα+1/Gα+1.
It has been shown that M is homogeneous and hereditarily equivalent [38]. Sup-
pose that α < ω1 and U is an open set in Xα. Then a basis element B(α,U) de-
termined by α and U is defined by B(α,U) = {x ∈M |xα ∈ U}; B = {B(α,U)|α <
ω1, U is open in Xα} is a basis for the topology of M .
Theorem 4.1. The continuum M is not first countable at each of its points.
Proof. Let p = {pα}α<ω1 be a point of M and suppose that there is a countable
local basis {On}∞n=1 at p. Inductively we can construct a countable sequence of
ordinals {αn}∞n=1 and a countable sequence of basis elements {B(αn, Un)}∞n=1, with
Un open in Xn, so that:
B(αn+1, Un+1) ⊂ B(αn, Un)
B(αn, Un) ⊂ ∩ni=1On
pαn ∈ B(αn, Un).
Since {αn}∞n=1 is countable there exists γ < ω1 so that αn < γ for all positive
integers n. Then there is an element gγ ∈ Gγ so that pγ ∈ gγ . Let qγ ∈ gγ be such
that qγ 6= pγ . For δ < γ let qδ = pδ. For δ > γ, define inductively qδ by:
qδ+1 ∈ f−1δ (qδ).
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Then for q = {qδ}δ<ω1 we have q 6= p but q ∈ B(αn, Un) for all n so q ∈ On for all
n. Therefore {On}∞n=1 is not a local basis at p. 
Figure 3. M is not first countable
Lemma 4.2. Suppose that X is a metric pseudo-arc, G is a continuous collection
of proper subcontinua of X filling up X, Y = X/G and {gi}∞i=1 is a countable set
dense in Y . Then there exists a countable set {ai}∞i=1 so that for each i, ai ∈ gi
and the set {ai}∞i=1 is dense in X.
Proof. Since X is a compact metric space there is a countable basis B = {Bi}∞i=1
of open sets for X. Let G′ = {gi}∞i=1. Let u1 be the first element of {gi}∞i=1 that
intersects B1. Select a point a1 ∈ B1 ∩ u1. Inductively let un be the first element
of {gi}∞i=1 − {ui}n−1i=1 that intersects Bn and let an ∈ un ∩Bn. Then we claim that
A = {ai}∞i=1 is the desired set.
Claim I. A is dense in X. This follows from the fact that each element of B
contains a point of A.
Claim II. Each element of {gi}∞i=1 contains a single point of A. Suppose that
some element of G′ contains no element of A; then let gk be the first such element.
Then gk /∈ {ui}ki=1; let Bj be the first element of {Bi}∞i=1 that intersects gk but
no element of {gi}k−1i=1 . Then aj would have been selected from Bj ∩ gk. So each
element of G′ contains a point of A. No element of G′ contains two points of A
since at step k, all the elements of G′ containing one of {ai}k−1i=1 have been removed
from the elements of G′ available for the choice of uk. 
Theorem 4.3. M is separable.
Proof. Let {q1i }∞i=1 be a countable set dense in X1. For each α < ω1 we construct
inductively a countable sequence of points {qαi }∞i=1 dense in Xα so that for each i,
fα(q
α+1
i ) = q
α
i .
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Case 1. α is not a limit ordinal and {qα−1i }∞i=1 has been constructed. By Lemma
4.2, there is a countable collection Aα = {qαi }∞i=1 so that Aα is dense in Xα and
qαi ∈ f−1α−1(qα−1i ).
Case 2. α is a limit ordinal. Then for each positive integer i set qαi = lim←−{{q
γ
i }, fδγ}γ<δ<α.
Then let qi = {qαi }α<ω1 ; and let A = {qi}∞i=1. The set A is countable; to show
that A is dense in M , select an open set O in M . Then there is a basic open set
B(α,U) lying in O, where U is open in Xα. Then, by construction {qαi }∞i=1 is dense
in Xα so there is an integer i so that q
α
i ∈ U . Then qi ∈ B(α,U) so qi ∈ O. Thus
A is dense in M . 
Figure 4. M is separable
5. Non-separability of C0(M˜,C) and existence of convergent infinite
sequences in M
Let M = lim←−{Xα, f
β
α}α<β<ω1 be our usual definition of the nonmetric pseudo-
arc. Recall that for each α the collection Gα+1 = {f−1α (x)|x ∈ Xα} is a continuous
decomposition of Xα+1 into pseudo-arcs so that the Xα ∼= Xα+1/Gα+1. Let C0(M)
denote the set of continuous maps from M into the interval [0, 1] with the least
upper bound metric d. Note that neither C0(M) nor C0(M,C) is separable, since
M and M˜ are nonmetric by Theorem 4.1. This justifies Theorem 1.3 (c). Now we
prove the following result announced in Theorem 1.3 (d).
Theorem 5.1. M contains a convergent infinite sequence.
Proof. We construct the sequence by induction. Let {q1n}∞n=1 be a sequence of
points of X1 that converge to the sequential limit q
1. Then for each n, g2n = f
−1
1 (q
1
n)
and g2 = f−11 (q
1) are the elements of G2 the continuous decomposition of X2. So
{g2n}∞n=1 is a sequence of pseudo-arcs limiting to the pseudo-arc g2 ∈ G2. Then
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there is a sequence {q2n}∞n=1 with q2n ∈ g2n and a point q2 ∈ g2 which is the sequential
limit of the sequence {q2n}∞n=1 in X2.
Suppose that α is an ordinal and for each γ < α we have constructed a sequence
{qγn}∞n=1 and a point qγ with qγn ∈ Xγ , qγ ∈ Xγ so that qγ is the sequential limit
point of the sequence {qγn}∞n=1 and for each δ < γ we have, for each n, fγδ (qγn) = qδn
and fγδ (q
γ) = qδ.
Case 1. α is a limit ordinal.
Then let qαn = lim←−{{q
γ
n}, fγδ }δ<γ<α and qα = lim←−{{q
γ}, fγδ }δ<γ<α. It follows eas-
ily from properties of inverse limits that the sequence {qαn}∞n=1 converges to the
sequential limit point qα.
Case 2. α is a successor ordinal.
Then by the induction hypothesis {qα−1n }∞n=1 is a sequence of points of Xα−1 that
converge to the sequential limit qα−1. Then for each n, gαn = f
−1
α−1(q
α−1
n ) and
gα = f−1α−1(q
α−1) are elements of Gα the continuous decomposition of Xα. So
{gαn}∞n=1 is a sequence of pseudo-arc limiting to the pseudo-arc gα ∈ Gα. Then
there is a sequence {qαn}∞n=1 with qαn ∈ gαn and a point qα ∈ gα which is the
sequential limit of the sequence {qαn}∞n=1 in Xα.
Let pn = lim←−{{q
γ
n}, fγδ }δ<γ<ω1 and p = lim←−{{q
γ}, fγδ }δ<γ<ω1 . We claim that
{pn}∞n=1 is a sequence of points with sequential limit p: For suppose that B(α,U)
is a basic open set containing p. Then qα ∈ U ⊂ Xα so there exists an integer N so
that if n > N then qαn ∈ U ; thus, by definition of the inverse limit, pn ∈ B(α,U).
So p is the sequential limit of {pn}∞n=1, and hence there is a convergent sequence
in M . 
Therefore, by homogeneity, we have the following.
Theorem 5.2. For each point p ∈ M there is an infinite sequence {pn}∞n=1 of
points of M with sequential limit p.
Corollary 5.3. There is an infinite sequence {pn}∞n=1 of points of M − {p} with
no limit points.
6. The pseudo-circle and the Conjecture of Wood
We start this section with three background theorems on the pseudo-circle.
Theorem 6.1 (Heath [17], Bellamy [4]). Let C be the pseudo-circle. For any
integer n > 1, the pseudo-circle n-fold covers itself; i.e. there is an n-fold covering
map φ : C → C.
Theorem 6.2 (Boron´ski [6]). Suppose that φ is a degree r pseudo-circle map. Then
φ has at least |r − 1| fixed points.
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Figure 5. There is a convergent infinite sequence in M
Theorem 6.3 (Kennedy&Rogers [22]). The pseudocircle has uncountably many
orbits under the action of its homeomorphism group. Each of these orbits is the
union of uncountably many composants.
The following lemma will be helpful, as a direct consequence of the three back-
ground theorems on the pseudo-circle.
Lemma 6.4. Let C be the pseudo-circle. For any integer n > 1, there is a dense
set D ⊆ C such that for any d ∈ D there is an n-fold covering map φ such that
φ(d) = d.
Proof. Fix an integer n > 1. By Theorem 6.1 there is an n-fold covering map
φ′ : C → C. By Theorem 6.2 there is a point c ∈ C such that φ′(c) = c. By
Theorem 6.3 there is an uncountable collection of composants such that for any
point d of any such composant there is a homeomorphism hd : C → C such
that hd(d) = c. Since any composant is dense in C, and a composition of a
homeomorphism with an n-fold covering map is again an n-fold covering map it is
enough to set φ = h−1d ◦ φ′ ◦ hd and notice that φ(d) = d. 
Now we shall prove Theorem 1.5. The idea of the proof is as follows. For every
integer n > 0 the pseudo-circle admits an n-fold covering map, which extends to
a degree n map on an annular neighborhood (which we do not need to use). An
n-fold covering map composed with a homeomorphism is another n-fold covering
map, but for n1 6= n2 no two n1-fold and n2-fold covering maps can be close to
each other. So if one measures the distance from a point to its image (as a function
from C to the real line) for two such maps, these can never be close.
Proof. (of Theorem 1.5) Let C be a pseudo-circle embedded in an annulus A in
such a way so that it separates the two components of the boundary of A. Let
τ : Aˆ → A be the universal cover of A, where we can assume that A = {(r, θ) ∈
R2 : 1 ≤ r ≤ 2, 0 ≤ θ < 2pi} in polar coordinates, Aˆ = {(r, θ) ∈ R2 : 1 ≤ r ≤ 2},
and τ(r, θ) = (r, θ(mod 2pi)). It will be convenient to use the following metric
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d((r, θ), (r′, θ′)) = |r − r′| + |θ − θ′| for both A and Aˆ. To avoid confusion we will
indicate in which of the two spaces the distance is taken by writing dA or dAˆ. Note
that τ is a local isometry with respect to the two metrics; i.e.
dAˆ(xˆ, yˆ) <  if and only if dA(τ(xˆ), τ(yˆ)) <  for any  < 2pi.
Note that, if k : C → C is a map then it can be continuously extended to a map k¯
of the whole A, as C is a closed subset of the ANR A. Consequently, there exists
a lift kˆ : τ−1(C)→ τ−1(C) of k, namely the restriction of a lift k¯ : Aˆ→ Aˆ of H to
τ−1(C) i.e. τ ◦ kˆ = k ◦ τ . It is known that τ−1(C) is connected (see [6]).
Let φ : C → C be a 4-fold covering map, and let ψ = φ2. Note that ψ is a
16-fold covering map and there exists a point c ∈ C such that φ(c) = ψ(c) = c
by Theorem 1.1 [6]. Let p = c. Let h : C → C be any homeomorphism of C
with h(p) = p = c. Set η = ψ ◦ h and note that η is a 16-fold covering map
and η(c) = c. Let f, g : C → R be defined as follows. Set f(x) = dA(x, φ(x))
and g(x) = dA(x, η(h(x))). Since f(p) = g(p) = 0 without loss of generality we
may assume that f(C) = g(C) = [0, 1] (otherwise it suffices to normalize the co-
domains).
Fix cˆ ∈ τ−1(c). There exist unique lifts φˆ, ηˆ : τ−1(C) → τ−1(C) such that
φˆ(cˆ) = ηˆ(cˆ) = cˆ. By the fact that φ extends to a degree 4 map and η extends to
a degree 16 map on A these maps induce multiplication by 4 and 16 respectively
on the level of the fundamental group Z of A, and hence we have the following
stretching in Aˆ
φˆ(cˆ+ (0, 2pi)) = φˆ(cˆ) + (0, 4pi),
ηˆ(cˆ+ (0, 2pi)) = ηˆ(cˆ) + (0, 16pi).
Let fˆ , gˆ : τ−1(C) → R be defined by fˆ(xˆ) = dAˆ(xˆ, φˆ(xˆ)) and g(xˆ) = dAˆ(xˆ, ηˆ(xˆ)).
Because d(fˆ(cˆ), gˆ(cˆ)) = 0 and d(fˆ(cˆ + (0, 2pi)), gˆ(cˆ + (0, 2pi))) = 16pi − 4pi = 12pi
there exists wˆ ∈ τ−1(C) such that d(fˆ(wˆ), gˆ(wˆ)) = pi. Since τ is an isometry on
every set of diameter less than 2pi, we get d(f(w), g(w)) = pi, where w = τ(wˆ).
Hence d(f, g) ≥ pi and the proof is complete in the case p = c with any  < pi.
The proof is finished by Corollary 6.4, application of which leads to a dense set
of points D with the required property. 
Corollary 6.5. There exists a locally compact metric space L such that its one-
point compactification is a pseudo-circle and the space C0(L,C) is not almost tran-
sitive.
7. Projective homogeneity and the work of Irwin and Solecki
In this section we prove Theorems 1.7 to 1.9, therefore showing that the work
of Irwin and Solecki [18] does not extend to the pseudo-circle.
Proof. (proof of Theorem 1.7) As in the proof of Theorem 1.5, consider C as a
subset of A. Let F : C → C be a 2-fold self-covering map, and G : C → C a 3-fold
self-covering map of C. Let pi1 : C → S1 be the radial projection onto a boundary
component of A. Set f = pi1◦F and g = pi1◦G. Note that since both C and S1 have
the first Cˇech cohomology group isomorphic to Z, there is a well defined degree
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for f and g equal to 2 and 3 respectively. Now let h : C → C be any map. Then
h also has a well defined degree. Since deg(g ◦ h) = deg(g)deg(h) we must have
deg(g ◦h) 6= deg(f). Now the proof is concluded by proving that no two maps with
distinct degrees can be arbitrarily close. Since this is done by a straightforward
adaptation of the proof of Theorem 1.5, we leave it to the reader. 
Proof. (proof of Theorem 1.8) Let f : C → K be a surjection with deg(f) = 1,
guaranteed by [15], p.510, and φn be an n-fold self-covering of the pseudo-circle.
Then fn = f ◦ φn is the desired map from C to K with deg(fn) = n. 
Proof. (proof of Theorem 1.9) Let f : C → K be a map of degree n and let
g : C → K with deg(g) = k be such that n and k are coprime. The proof is
concluded by the arguments in the proof of Theorem 1.7. 
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